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ON THE STABILITY OF MINIMAL CONES IN WARPED
PRODUCTS
K. S. BEZERRA, A. CAMINHA, AND B. P. LIMA
Abstract. In a seminal paper published in 1968, J. Simons proved that, for
n ≤ 5, the Euclidean (minimal) cone CM , built on a closed, oriented, minimal
and non totally geodesic hypersurface Mn of Sn+1 is unstable. In this paper,
we extend Simons’ analysis to warped (minimal) cones built over a closed,
oriented, minimal hypersurface of a leaf of suitable warped product spaces.
Then, we apply our general results to the particular case of the warped product
model of the Euclidean sphere, and establish the unstability of CM , whenever
2 ≤ n ≤ 14 and Mn is a closed, oriented, minimal and non totally geodesic
hypersurface of Sn+1.
1. Introduction
In 1968, J. Simons (cf. [10]) generalized a theorem of F. J. Almgren, Jr. (cf.
[1]), showing that, for n ≤ 5, the Euclidean cone built over any closed, minimal
and non totally geodesic hypersurface of Sn+1 is a minimal unstable hypersurface
of Rn+2.
If Mn is a hypersurface of Sn+1, the Euclidean cone CM over M is given by the
immersion Φ : Mn × (0, 1] → Rn+2, that sends (p, t) to tp. For 0 < ǫ < 1, the ǫ-
truncated cone CǫM overM is the restriction of Φ toM × [ǫ, 1]. In [10], it is shown
that, if Mn is a closed minimal hypersurface of Sn+1, then CM \ {0} is a minimal
hypersurface of Rn+2; moreover, CǫM is compact and such that ∂(CǫM) =M∪Mǫ,
where Mǫ = {ǫp; p ∈M}.
In [4], the second author extended this notion in the following way: let M
n+2
c
be a Riemannian manifold whose sectional curvature is constant and equal to c.
Assume that M admits a closed conformal vector field ξ ∈ X(M), with conformal
factor ψξ. If ξ 6= 0 on M , it is well known that the distribution {ξ}⊥ is integrable,
with leaves totally umbilical in M . Let Ξn+1 be such a leaf and ϕ : Mn → Ξn+1
be a closed hypersurface Ξ. If Ψ denotes the flow of ξ/‖ξ‖, the compactness of M
guarantees the existence of ǫ > 0 such that Ψ is well defined in [−ǫ, 0] × ϕ(M),
and the mapping Φ : Mn × [−ǫ, 0] → Mn+2 that sends (p, t) to Ψ(t, ϕ(p)) is also
an immersion. By furnishing Mn × [−ǫ, 0] with the induced metric, we turn Φ
into an isometric immersion such that Φ|Mn×{0} = ϕ; the Riemannian manifold
Mn × [−ǫ, 0], is the ǫ-truncated cone CǫM over M , in the direction of ξ.
When M
n+2
c is a warped product I ×f Fn+1, with I ⊂ R, it is well known that
ξ = (f ◦ πI)∂t (πI : M → I being the canonical projection) is a closed conformal
vector field on M , with conformal factor ψξ = f
′ ◦πI . If we ask that f(0) = 1, then
Ξ = {0}×F , furnished with the induced metric, is a leaf of the distribution {ξ}⊥ and
is isometric to F . Hence, one can identify an isometric immersion ϕ : Mn → Fn+1
with the isometric immersion ϕ˜(p) = (0, ϕ(p)), fromMn into Ξ = {0}×F . The flux
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of ξ/‖ξ‖ is given by Ψ(t, (x, p)) = (t+ x, p), so that Φ(p, t) = Ψ(t, ϕ˜(p)) = (t, ϕ(p))
and CǫM can be identified to the immersion Φ : M
n × [−ǫ, 0] → I ×f Fn+1, that
sends (p, t) to (t, ϕ(p)).
Our goal in this paper is to analyse the stability of CǫM when M
n is a closed
minimal hypersurface of Fn+1. In doing so, we extend a result of Simons (cf. [10]),
proving the following assertion (cf. Theorem 3.3 and equations (25) and (26)).
Theorem. In the above setting, CǫM is unstable if, and only if, λ1+δ1 < 0, where
λ1 and δ1 are, respectively, the first eigenvalues of the linear differential operators
L1 : C∞(M)→ C∞(M) and L2 : C∞0 [−ǫ, 0]→ C∞[−ǫ, 0], given by
L1(g) = −∆g − ‖A‖2g and L2(h) = −f2h′′ − nff ′h′ − c(n+ 1)f2h,
for g ∈ C∞(M) and h ∈ C∞0 [−ǫ, 0].
Here, as in [10], C∞0 [−ǫ, 0] = {h ∈ C∞[−ǫ, 0]; h(−ǫ) = h(0) = 0}.
Then, we specialize our discussion to the case of spherical cones. More precisely,
we let Sn+1 be the equator of Sn+2 with respect to the North poleN = (0, 1) of Sn+2,
and identify each x ∈ Sn+1 with (x, 0) ∈ Sn+2; if we let M = (−π2 , π2 ) ×cos t Sn+1,
then the mapping (t, x) 7→ (cos t)x + (sin t)N defines an isometry between M and
S
n+2 \ {±N}. The ǫ−truncated cone CǫM in Sn+2, built over a closed minimal
hypersurface Mn of Sn+1 is given by the immersion Φ : Mn × [−ǫ, 0]→ Sn+2 that
maps (x, t) to (cos t)x + (sin t)N . In this setting, we finish the paper by proving
the following result (cf. Theorem 4.2).
Theorem. Let Mn be a closed, oriented minimal hypersurface of Sn+1. If 2 ≤ n ≤
14 and Mn is not totally geodesic, then CM is a minimal unstable hypersurface of
S
n+2.
2. On foliations generated by closed conformal vector fields
In what follows, M
n+k+1
c is an (n + k + 1)-dimensional Riemaniann manifold,
whose sectional curvature is constant and equal to c. We assume thatM is furnished
with a nontrivial closed conformal vector field ξ, i.e., ξ ∈ X(M) \ {0} is such that
∇Xξ = ψξX , for all X ∈ X(M), where ψξ : M → R is a smooth function, said to
be the conformal factor of ξ, and ∇ denotes the Levi-Civita connection of M .
From now on, the condition that ξ 6= 0 on M will be in force. It is immediate to
check (cf. [4]) that the distribution {ξ⊥} is integrable, with leaves totally umbilical
in M . Let Ξn+k be a leaf of such distribution, Mn be a closed, n-dimensional
Riemannian manifold and ϕ : Mn → Ξn+k be an isometric immersion. If we let
Ψ(t, ·) denote the flow of the vector field ξ/‖ξ‖, the compactness of M assures that
we can choose ǫ > 0 such that the map
Φ : Mn × [−ǫ, 0] −→ Mn+k+1
(p, t) 7−→ Ψ(t, ϕ(p))(1)
is an immersion. The ǫ-truncated cone over M , in the direction of ξ, which
will be henceforth denoted by CǫM , is the manifold with boundary M
n × [−ǫ, 0],
furnished with the metric induced by Φ. We observe that CǫM is a compact,
immersed submanifold of M
n+k+1
c , such that ∂(CǫM) = M ∪ Mǫ, where Mǫ =
{Ψ(−ǫ, ϕ(p)); p ∈ M}. At times, if there is no danger of confusion, we shall refer
simply to the ǫ-truncated cone CǫM .
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From now on, we will frequently refer to the smooth function λ :M×[−ǫ, 0]→ R,
given by
(2) λ(q, t) = exp
(∫ t
0
ψξ
‖ξ‖(Ψ(s, ϕ(q)))ds
)
.
The following result relates the second fundamental form of CǫM at distinct points
along the same generatrix of the cone.
Proposition 2.1. Let Aηq denote the shape operator of ϕ at q, in the direction of
the unit vector η, normal to TqM in TqΞ. Let N denote the parallel transport of η
along the integral curve of ξ/‖ξ‖ that passes through q. If AN(q,t) denotes the shape
operator of Φ at the point (q, t), in the direction of N(q,t), then
‖AN(q,t)‖ =
1
λ(q, t)
‖Aηq‖.
Proof. Fix a point p ∈M and, in a neighborhood Ω ⊂M of p, an orthonormal set
{e1, . . . , en, η} of vector fields, with e1, . . . , en tangent to Mn and η normal to Mn
in Ξn+k. Further, ask that Aηp(ei) = λiei(p), for 1 ≤ i ≤ n. Let E1, . . . , En, N be
the vector fields on Φ(Ω × (−ǫ, 0]), respectively obtained from e1, . . . , en and η by
parallel transport along the integral curves of ξ‖ξ‖ that intersect Ω.
If we let R denote the curvature operator of M and use the fact that M has
constant sectional curvature, such a parallelism gives
d
dt
〈∇EiN,Ek〉 = 〈∇ ξ
|ξ|
∇EiN,Ek〉
=
1
‖ξ‖ [〈R(ξ, Ei)N,Ek〉+ 〈∇Ei∇ξN,Ek〉+ 〈∇[ξ,Ei]N,Ek〉]
=
1
‖ξ‖ [〈R(ξ, Ei)N,Ek〉 − 〈∇∇EiξN,Ek〉](3)
= − ψξ‖ξ‖〈∇EiN,Ek〉.
Moreover, if D denotes the Levi-Civita connection of Ξn+k, then
(4) 〈∇EiN,Ek〉(p,0) = 〈Deiη, ek〉p = −〈Aη(ei), ek〉p = −λiδik.
Equations (3) and (4) compose a Cauchy problem, whose solution is
〈∇EiN,Ei〉(p,t) = −λi exp
(
−
∫ t
0
ψξ
‖ξ‖(ϕ(p), s)ds
)
=
−λi
λ(p, t)
and, for k 6= i,
〈∇EiN,Ek〉(p,t) = 0,
for all t ∈ (−ǫ, 0].
Since 〈∇EiN, ξ〉 = −〈N,∇Eiξ〉 = −ψξ〈N,Ei〉 = 0, it follows from the previous
formulae that, at the point (p, t),
AN (Ei) = −(∇EiN)⊤ = −
n∑
k=1
〈∇EiN,Ek〉Ek − 〈∇EiN,
ξ
‖ξ‖〉
ξ
‖ξ‖ =
λi
λ
Ei,
for 1 ≤ i ≤ n. Finally, taking into account that AN ( ξ‖ξ‖ ) = −(∇ ξ‖ξ‖N)
⊤ = 0, we
get
‖AN(p,t)‖2 =
n∑
i=1
(
λi
λ(p, t)
)2
=
1
λ2(p, t)
‖Aηp‖2.

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Corollary 2.2. The ǫ−truncated cone CǫM is minimal in M if, and only if, M is
minimal in Ξ.
Proof. If we let H(p,t) be the mean curvature vector of Φ at (p, t), and Hp be that
of ϕ at p, it follows from the previous result that ‖H(p,t)‖ = 1λ‖Hp‖. This proves
the corollary. 
The following technical result, which is an adapted version of Theorem 4.1 of [4],
will be quite useful in the proof of Proposition 2.4. In order to state it properly, we
let ∇ denote the Levi-Civita connection of CǫM .
Lemma 2.3. Fix p ∈M and, in a neighborhood Ω of p in M , an orthonormal frame
(e1, . . . , en), geodesic at p. If E1, . . . , En are the vector fields on Φ(Ω × (−ǫ, 0]),
respectively obtained from e1, . . . , en by parallel transport along the integral curves
of ξ/‖ξ‖ that intersect Ω, then
∇EiEi = −
ψξ
‖ξ‖2 ξ(5)
at (p, t), for all 1 ≤ i ≤ n.
Proof. Choose vector fields (η1, . . . , ηk) on Ω, such that (e1, . . . , en, η1, . . . , ηk) is
an orthonormal frame adapted to the isometric immersion ϕ. Also, let N1, . . . , Nk
be the vector fields on Φ(Ω × (−ǫ, 0]), respectively obtained from η1, . . . , ηk by
parallel transport along the integral curves of ξ/‖ξ‖ that intersect Ω. Then, the
orthonormal frame (E1, . . . , En,
ξ
‖ξ‖ , N1, . . . , Nk) on Φ(Ω × (−ǫ, 0]) is adapted to
the isometric immersion Φ.
We shall compute ∇EiEi at p and take its tangential component along CǫM . To
this end, note first of all that
(6) 〈∇EiEi, ξ〉 = −〈Ei,∇Eiξ〉 = −ψξ.
As before, letting R denote the curvature operator of M , it follows from the paral-
lelism of the Ei’s, together with the fact that M has constant sectional curvature,
that
d
dt
〈∇EiEi, El〉 =
1
‖ξ‖〈∇ξ∇EiEi, El〉
=
1
‖ξ‖〈R(ξ, Ei)Ei +∇Ei∇ξEi +∇[ξ,Ei]Ei, El〉
=
1
‖ξ‖(〈R(ξ, Ei)Ei, El〉 − 〈∇∇EiξEi, El〉)
= − ψξ‖ξ‖〈∇EiEi, El〉,
(7)
Also as before, let D and ∇ respectively denote the Levi-Civita connections of
Ξn+k and Mn. Since (e1, . . . , en) is geodesic at p (on M), we get
(8) 〈∇EiEi, El〉p = 〈Deiei, el〉p = 〈∇eiei, el〉p = 0.
Therefore, by solving Cauchy’s problem formed by (7) and (8), we get
(9) 〈∇EiEi, El〉(p,t) = 0,
for −ǫ ≤ t ≤ 0.
Analogously to (7), we obtain
(10)
d
dt
〈∇EiEi, Nβ〉 = −
ψξ
‖ξ‖〈∇EiEi, Nβ〉.
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On the other hand, letting Aβ : TpM → TpM denote the shape operator of ϕ in
the direction of ηβ and writing Aβei =
∑n
j=1 h
β
ijej, we get
(11) 〈∇EiEi, Nβ〉p = 〈Deiei, ηβ〉p = 〈Aβei, ei〉 = hβii.
Thus, by solving Cauchy’s problem formed by (10) and (11), we arrive at
(12) 〈∇EiEi, Nβ〉(p,t) = hβii exp
(
−
∫ t
0
ψξ
‖ξ‖(s)ds
)
=
hβii
λ(p, t)
.
Finally, a simple computation shows that
(13) 〈∇EiEi,
ξ
‖ξ‖〉 = −
ψξ
‖ξ‖ .
Therefore, it follows from (9), (12) and (13) that, at the point (p, t), we have
(14) ∇EiEi = −
ψξ
‖ξ‖
ξ
‖ξ‖ +
1
λ(p, t)
k∑
β=1
hβiiNβ.
From this equality, (5) follows promptly. 
Given a smooth function F ∈ C∞(CǫM) and t ∈ [−ǫ, 0], we let Ft ∈ C∞(M) be
the (smooth) function such that Ft(p) = F (p, t), for all p ∈ M . The next result
relates the Laplacians of F and Ft.
Proposition 2.4. In the above notations, for F ∈ C∞(CǫM), we have
∆F (p, t) =
1
λ2(p, t)
(
∆Ft(p)− 1
λ(p, t)
〈grad(Ft), grad(λt)〉p
)
+ n
λ′(p, t)
λ(p, t)
∂F
∂t
+
∂2F
∂t2
,
where λ′ denotes ∂λ∂t and grad denotes gradient in M .
Proof. Fix a point p ∈M and, in a neighborhood Ω ⊂M of p, an orthonormal frame
(e1, . . . , en, η1, . . . , ηk), adapted to ϕ, such that (e1, . . . , en) is geodesic at p. As in
the proof of Proposition 2.1, parallel transport this frame along the integral curves
of ξ/‖ξ‖ to get vector fields E1, . . . , En, N1, . . . , Nk along Φ(Ω × (−ǫ, 0]). Then,
(E1, . . . , En,
ξ
‖ξ‖ , N1, . . . , Nk) is an orthonormal frame adapted to the immersion Φ.
The Laplacian of F is given by
∆F =
n∑
i=1
Ei(Ei(F )) +
ξ
‖ξ‖
(
ξ
‖ξ‖(F )
)
−
n∑
i=1
(∇EiEi)(F ) − (∇ξ/‖ξ‖ξ/‖ξ‖)(F ).
(15)
It follows from Lemma 2.3 that
(∇EiEi)(F ) =
(
− ψξ‖ξ‖2 ξ
)
(F ) = − ψξ‖ξ‖
∂F
∂t
.(16)
Now, let us compute the summands Ei(Ei(F ))(q, t), where q ∈ Ω and t ∈ [−ǫ, 0].
To this end, take a smooth curve α : (−δ, δ) → M , such that α(0) = q and
α′(0) = ei(q). Then, consider the parametrized surface f : (−δ, δ)× [−ǫ, 0] → M ,
such that
f(s, t) = Ψ(t, ϕ(α(s))),
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for (s, t) ∈ (−δ, δ)×[−ǫ, 0]. (Note that the image of f is contained in CǫM .) Lemma
3.4 of [8] gives
D
dt
∂f
∂s
=
D
ds
∂f
∂t
=
D
ds
ξ
‖ξ‖ = ∇ ∂f∂s
ξ
‖ξ‖ =
ψξ
‖ξ‖
∂f
∂s
+
∂f
∂s
(
1
‖ξ‖
)
ξ,
which, in turn, implies
d
dt
〈∂f
∂s
, Ej〉 = ψξ‖ξ‖〈
∂f
∂s
, Ej〉.
Since 〈∂f∂s , Ej〉(q,0) = 〈Ei, Ej〉(q,0) = 〈ei(q), ej(q)〉 = δij , in solving the Cauchy
problem for 〈∂f∂s , Ej〉 so obtained, we get
〈∂f
∂s
, Ei〉(q,t) = exp
(∫ t
0
ψξ
‖ξ‖(q, u)du
)
= λ(q, t)
and, for j 6= i,
〈∂f
∂s
, Ej〉(q,t) = 0.
Moreover, direct computation shows that ddt 〈∂f∂s , ξ〉 =
ψξ
‖ξ‖ 〈∂f∂s , ξ〉; but, since
〈∂f∂s , ξ〉(q,0) = 〈Ei, ξ〉(q,0) = 0, it follows from the uniqueness of the solution of a
Cauchy problem that 〈∂f∂s , ξ〉(q,t) = 0, for t ∈ [−ǫ, 0].
Since ∂f∂s is tangent to the cone, the previous computations show that, at the
point (q, t),
(17)
∂f
∂s
=
n∑
j=1
〈∂f
∂s
, Ej〉Ej + 〈∂f
∂s
,
ξ
‖ξ‖〉
ξ
‖ξ‖ = 〈
∂f
∂s
, Ei〉Ei = λEi.
Therefore,
Ei(F )(q, t) =
1
λ(q, t)
∂f
∂s
(q, t)(F ) =
1
λ(q, t)
dFt(ei(q)) =
1
λ(q, t)
〈grad(Ft), ei〉q,
for all points (q, t) ∈ Ω× [−ǫ, 0] and all F ∈ C∞(CǫM). Thus,
Ei(Ei(F ))(q, t) =
1
λ(q, t)
〈grad((Ei(F ))t), ei〉q.
On the other hand, at the point q we get
grad((Ei(F ))t) =
1
λt
grad〈grad(Ft), ei〉+ 〈grad(Ft), ei〉grad
(
1
λt
)
=
1
λt
grad(ei(Ft))− 〈grad(Ft), ei〉 1
λ2t
grad(λt)
and, hence,
Ei(Ei(F ))(q, t) =
1
λ(q, t)
(
1
λ(q, t)
ei(ei(Ft))(q)− 〈grad(Ft), ei〉q
λ2(q, t)
ei(q)(λt)
)
=
1
λ2(q, t)
(
ei(ei(Ft))(q) − 〈grad(Ft), ei〉q
λ(q, t)
〈grad(λt), ei〉q
)
,
at all points (q, t) ∈ Ω× [−ǫ, 0].
By using the fact that the frame (e1, . . . , en) is geodesic at the point p we get,
at the point (p, t),
(18)
n∑
i=1
Ei(Ei(F )) =
1
λ2
(
∆Ft − 1
λ
〈grad(Ft), grad(λt)〉
)
.
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If we let (·)⊤ denote orthogonal projection on T (CǫM), we compute
∇ξ/‖ξ‖ξ/‖ξ‖ =
1
‖ξ‖∇ξξ/‖ξ‖ =
1
‖ξ‖
(
1
‖ξ‖∇ξξ + ξ
(
1
‖ξ‖
)
ξ
)
=
1
‖ξ‖
(
1
‖ξ‖ (∇˜ξξ)
⊤ − ‖ξ‖ψξ‖ξ‖2 ξ
)
=
1
‖ξ‖
(
1
‖ξ‖ (ψξξ)
⊤ − ψξ‖ξ‖ξ
)
= 0;
hence, (∇ξ/‖ξ‖ξ/‖ξ‖)(F ) = 0.
Substituting this last computation in (15), and taking (16) and (18) into account,
we finally arrive at
∆F (p, t) =
1
λ2(p, t)
(
∆Ft(p)− 1
λ(p, t)
〈grad(Ft), grad(λt)〉p
)
+ n
ψξ
‖ξ‖
∂F
∂t
(p, t) +
∂2F
∂t2
(p, t),
and a simple computation shows that
ψξ
‖ξ‖ =
λ′
λ . 
3. On the unstability of minimal cones
By Corollary 2.2, we know that Mn is minimal in Ξn+k if, and only if, CǫM is
minimal in M
n+k+1
c . Since minimal immersions are precisely the critical points of
the area functional with respect to variations that fix the boundary, for a given M ,
minimal in Ξn+k, it makes sense to consider the problem of stability of CǫM with
respect to normal variations that fix its boundary. In this section, we address this
problem in the case in which k = 1, i.e., when Mn is a hypersurface of Ξn+1. This
will extend the analysis made in [10], where M = Rn+2, Ξ = Sn+1 and ξ(x) = x.
Throughout the rest of this paper, until further notice, we stick to the notations
of the previous section. In particular, M continues to be of constant sectional
curvature, equal to c; also, whenever we let η denote a unit vector field normal to
M in Ξ, we shall let N denote the unit vector field normal to CǫM in M , obtained
by parallel transport of η along the integral curves of ξ|ξ| that intersectM . We start
with the following auxiliary result.
Lemma 3.1. Let Ξn+1 be oriented by the unit normal vector field −ξ‖ξ‖ , and let M
n
be a minimal hypersurface of Ξn+1, oriented by the unit vector field η ∈ X(M)⊥ ∩
X(Ξ). If CǫM is oriented by N , then its volume element is given by λ
ndM ∧ dt,
where dM stands for the volume element of M .
Proof. Let (e1, . . . , en) be a positive orthonormal frame, defined in an open set
Ω ⊂M . If (θ1, . . . , θn) denotes the corresponding coframe, then dM = θ1 ∧ . . .∧ θn
in Ω.
Let E1, . . . , En be the vector fields on Φ(Ω × (−ǫ, ǫ)) obtained from the ei’s by
parallel transport along the integral curves of ξ/‖ξ‖ that intersect Ω. For p ∈ Ω, the
orthonormal basis (e1, . . . , en, η) of TpΞ is positively oriented; hence, the orthonor-
mal basis (e1, . . . , en, η,− ξ‖ξ‖ ) of TpM is also positively oriented. It follows that
the orthonormal basis (E1, . . . , En, N,− ξ‖ξ‖ )(p,t) of T(p,t)M is positively oriented
and, thus, (E1, . . . , En,
ξ
‖ξ‖ , N)(p,t) is also a positively oriented orthonormal basis
of T(p,t)M , for all (p, t) ∈ Ω × (−ǫ, ǫ). Therefore, (E1, . . . , En, ξ‖ξ‖ ) is a positively
oriented orthonormal basis of T(p,t)(CǫM).
Now, let αi : (−δ, δ) → M be a smooth curve such that αi(0) = p and α′i(0) =
ei(p); if fi : (−δ, δ)× (−ǫ, 0] → M is the parametrized surface such that fi(s, t) =
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Ψ(t, ϕ(αi(s))), we shaw in (17) that
Ei(p, t) =
1
λ(p, t)
∂fi
∂s
(0, t).
By the canonical identification of T(p,t)(M × (−ǫ, 0]) and TpM ⊕ R, we have
Φ∗(ei(p)⊕ 0)(p,t) =
d
ds
∣∣
s=0
Φ(αi(s), t) =
d
ds
∣∣
s=0
fi(s, t) =
∂fi
∂s
(0, t)
and, thus,
Φ∗
(
ei(p)
λ(p, t)
⊕ 0
)
(p,t)
= Ei(p, t).
Therefore, by using the canonical identification of TΦ(p,t)(CǫM) and Φ∗(T(p,t)(M ×
(−ǫ, 0])), we get
λn(dM ∧ dt)(E1, . . . , En, ξ‖ξ‖) = λ
n(dM ∧ dt)(e1
λ
⊕ 0, . . . , en
λ
⊕ 0, 0⊕ ∂t) = 1,
which concludes the proof. 
Given a minimal isometric immersion ϕ :Mn → Ξn+1, the following proposition
computes the second variation of area for the corresponding ǫ−truncated cone CǫM .
As usual, for F ∈ C∞(CǫM), we let I(F ) denote the index form of CǫM in the
direction of V = FN .
Proposition 3.2. Let Mn be a closed, oriented, minimal hypersurface of Ξn+1.
Suppose that the function λ(p, t) does not depend on the point p, and let N(p, t)
denote the unit normal vector field that orients CǫM . If F ∈ C∞(CǫM) is such
that F (p,−ǫ) = F (p, 0) = 0, for each p ∈M , then
I(F ) =
∫
M×[−ǫ,0]
Fλn−2
(
−∆Ft − nλλ′ ∂F
∂t
− λ2 ∂
2F
∂t2
− c(n+ 1)λ2F − ‖Aη‖2F
)
dM ∧ dt.
Proof. It is a classical fact (cf. [2], [10] or [11]) that
I(F ) =
∫
CǫM
(−F∆F − (R + ‖AN‖2)F 2) d(CǫM),
where R = Ric(N,N), and Ric denotes the Ricci tensor of M . Therefore, it follows
from the formulae of propositions 2.1 and 2.4, together with the fact that M has
sectional curvature constant and equal to c and λ(p, t) does not depend on p, that
the integrand of the right hand side equals
− F
(
1
λ2
∆Ft + n
λ′
λ
∂F
∂t
+
∂2F
∂t2
)
− c(n+ 1)F 2 − ‖Aη‖2F
2
λ2
=
=
F
λ2
(
−∆Ft − nλλ′ ∂F
∂t
− λ2 ∂
2F
∂t2
− c(n+ 1)λ2F − ‖Aη‖2F
)
.
Finally, it now suffices to apply the result of the previous lemma and integrate on
M × [−ǫ, 0]. 
Now, let C∞0 [−ǫ, 0] = {g ∈ C∞[−ǫ, 0]; g(−ǫ) = g(0) = 0}. Following [10], the
previous proposition motivates the introduction of the linear differential operators
L1 : C∞(M)→ C∞(M) and L2 : C∞0 [−ǫ, 0]→ C∞[−ǫ, 0], given by
L1(f) = −∆f − ‖Aη‖2 f and L2(g) = −λ2g′′ − nλλ′g′ − c(n+ 1)λ2g.
Standard elliptic theory (cf. [7]) shows that L1 can be diagonalized by a sequence
(fi)i≥1 of smooth eigenfunctions, orthogonal in L
2(M) and whose sequence (λi)i≥1
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of corresponding eigenvalues satisfy λ1 ≤ λ2 ≤ · · · → +∞; moreover, each f ∈
C∞(M) can be uniquely written as f =
∑
i≥1 aifi, for some ai ∈ R.
On the other hand, equation L2(g) = δg, for δ ∈ R, is equivalent to
−λ2g′′ − nλλ′g′ − c(n+ 1)λ2g − δg = 0,
or (after multiplying both sides by −λn−2) yet to
(19) (λng′)′ + c(n+ 1)λng + δλn−2g = 0.
Hence, the elementary theory of regular Sturm-Liouville problems (cf. [6]) shows
that L2 can also be diagonalized by a sequence (gi)i≥1 of smooth eigenfunctions,
orthogonal in L2w[−ǫ, 0] with respect to the weight w = λn−2 and whose sequence
(δi)i≥1 of corresponding eigenvalues satisfy δ1 ≤ δ2 ≤ · · · → +∞; moreover, each
g ∈ C∞0 [−ǫ, 0] can be uniquely written as g =
∑
i≥1 aigi, for some ai ∈ R.
In view of all of the above, the proof of the following result parallels that of
Lemma 6.1.6 of [10]. For the sake of completeness, we present it here.
Theorem 3.3. With notations as in Proposition 3.2, it is possible to choose F
such that I(F ) < 0 if, and only if, λ1+ δ1 < 0, where λ1 and δ1 stand, respectively,
to the first eigenvalues of L1 and L2.
Proof. For a fixed p ∈M , we have F (p, ·) ∈ C∞0 [−ǫ, 0]. Therefore, the discussion on
the diagonalization of L2 gives F (p, t) =
∑
j≥1 aj(p)gj(t), for some aj ∈ C∞(M);
hence, by invoking the discussion on the diagonalization of L1, we get
F (p, t) =
∑
i,j≥1
aijfi(p)gj(t),
for some aij ∈ R.
It now follows from the result of Proposition 3.2 that
I(F ) =
∫
M×[−ǫ,0]
λn−2
∑
i,j≥1
aijfigj
∑
k,l≥1
(aklL1(fk)gl + aklfkL2(gl))dM ∧ dt
=
∫
M×[−ǫ,0]
λn−2
∑
i,j≥1
aijfigj
∑
k,l≥1
akl(λk + δl)fkgldM ∧ dt
=
∑
i,j,k,l≥1
aijakl(λk + δl)
∫
M×[−ǫ,0]
fifkgjglλ
n−2dM ∧ dt.
From here, the orthogonality conditions on the eigenfunctions of L1 and L2 easily
give
I(F ) =
∑
i,j≥1
a2ij(λi + δj)
(∫
M
f2i dM
)(∫ 0
−ǫ
g2jλ
n−2dt
)
.
Therefore, if I(F ) < 0, then some factor λi + δj is negative and, hence, λ1+ δ1 < 0
(since λ1 ≤ λi and δ1 ≤ δj); conversely, if λ1 + δ1 < 0, choose F (p, t) = f1(p)g1(t)
to get I(F ) < 0. 
For future reference, we recall the standard variational characterization of λ1 (cf.
[5] or [7]): for a given f ∈ C∞(M)\{0}, let the Rayleigh quotient of f with respect
to L1 be defined by
(20) RQ[f ] =
∫
M −f(∆f + ‖Aη‖
2
f)dM∫
M
f2dM
;
Then,
(21) λ1 = min{RQ[f ]; f ∈ C∞(M) \ {0}},
with equality if, and only if, f is an eigenfunction of L1 with respect to λ1.
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In what concerns δ1, given g ∈ C∞0 [−ǫ, 0] \ {0}, let the Rayleigh quotient of g
with respect to (19) be defined by
(22) RQ[g] =
∫ 0
−ǫ λ
n((g′)2 − c(n+ 1)g2)dt∫ 0
−ǫ
λn−2g2dt
.
Then (cf. [6]),
(23) δ1 = min{RQ[g]; g ∈ C∞0 [−ǫ, 0] \ {0}},
with equality if, and only if, g is an eigenfunction of L2 with respect to δ1.
4. Minimal cones in warped products
Let B and F be Riemannian manifolds and f : B → R be a smooth positive
function. The warped productM = B×fF is the product manifold B×F , furnished
with the Riemannian metric
g = π∗B(gB) + (f ◦ πB)2π∗F (gF ),
where πB and πF denote the canonical projections from B × F onto B and F and
gB and gF denote the Riemannian metrics of B and F , respectively.
In this section, we shall consider a warped product M
n+2
c = I ×f Fn+1, with
I ⊂ R, f(0) = 1 and having constant sectional curvature, equal to c. By Proposition
7.42 of [9], this last condition amounts to the fact that Fn+1 should have constant
sectional curvature k, such that
f ′′
f
= −c = (f
′)2 − k
f2
on I.
In what concerns our previous discussion of cones, we get the following conse-
quence of Proposition 2.4 when M = I ×f F , a warped product for which I ⊂ R.
Corollary 4.1. Let M
n+2
c = I ×f Fn+1, with f(0) = 1. If Mn is a closed Rie-
mannian manifold and ϕ :Mn → Fn+1 is an isometric immersion, then
∆L(t, p) =
1
f2(t)
∆Lt(p) + n
f ′(t)
f(t)
∂L
∂t
+
∂2L
∂t2
,
for all L ∈ C∞(I ×f Mn).
Proof. It is a standard fact (cf. [9]) that, in I×fFn+1, the vector field ξ = (f ◦πI)∂t
is closed and conformal, with conformal factor ψξ = f
′ ◦ πI . Moreover, ξ 6= 0, since
f is positive. The flux Ψ of ξ‖ξ‖ = ∂t is given by
Ψ(t, (t0, p)) = (t+ t0, p),
and it is clear that the submanifolds {t0} × Fn+1, with t0 ∈ I, are leaves of ξ⊥.
Now, let ϕ : Mn → Fn+1 be an isometric immersion from a closed Riemannian
manifoldMn into Fn+1. Since f(0) = 1, the leaf {0}×Fn+1 of ξ⊥ (with the metric
induced from I ×f Fn+1) is isometric to Fn+1; therefore, we can (and do) assume
that ϕ takes M into {0} × Fn+1. The compactness of M guarantees the existence
of ǫ > 0 such that the ǫ−truncated cone CǫM is given by the immersion
Φ(p, t) = Ψ(t, (0, ϕ(p))) = (t, ϕ(p)),
for t ∈ [−ǫ, 0] and p ∈ Mn. (Actually, Φ continues to be an immersion even if we
change t ∈ [−ǫ, 0] by t ∈ I.) Moreover, CǫM is isometric to the warped product
[−ǫ, 0]×f Mn.
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In view of the above, the function λ of (2) is such that
λ(p, s) = exp
(∫ s
0
ψξ
‖ξ‖(Ψ(t, ϕ(p)))dt
)
= exp
(∫ s
0
f ′
f
(t)dt
)
= f(s).
In particular, λs : M
n → R is constant, for all s ∈ [−ǫ, 0], and it suffices to apply
the result of Proposition 2.4. 
From now on, letMn be a closed, minimal and non totally geodesic hypersurface
of Fn+1 ≈ {0} × Fn+1. According to the proof of the previous corollary, we
shall identify the ǫ−truncated cone CǫM with the warped product [−ǫ, 0]×f Mn,
canonically immersed into M
n+2
c .
If (as before) N(t, p) stands for the unit normal vector field of CǫM and G ∈
C∞(CǫM) is such that G(−ǫ, p) = G(0, p) = 0 for each p ∈ M , then Proposition
3.2 gives
I(G) =
∫
M×[−ǫ,0]
Gfn−2
(
−∆Gt − nff ′ ∂G
∂t
− f2 ∂
2G
∂t2
− c(n+ 1)f2G− ‖A‖2G
)
dM ∧ dt,
(24)
where ‖A‖ stands for the norm of the second fundamental form of the immersion
of Mn into Fn+1 and ∆ for the Laplacian operator of Mn.
In this case, the linear differential operators L1 : C∞(M) → C∞(M) and L2 :
C∞0 [−ǫ, 0]→ C∞[−ǫ, 0] are given by
(25) L1(g) = −∆g − ‖A‖2g,
for g ∈ C∞(M), and
(26) L2(h) = −f2h′′ − nff ′h′ − c(n+ 1)f2h,
for h ∈ C∞0 [−ǫ, 0].
We want to apply Theorem 3.3 to the case in whichM
n+2
c is the Euclidean sphere
S
n+2. To this end, let I =
(−π2 , π2 ), f(t) = cos t, Fn+1 = Sn+1, N = (0, . . . , 0, 1) ∈
S
n+2 and consider Sn+1 as the equator of Sn+2 which has N as North pole; also,
identify x = (x1, . . . , xn+2) ∈ Sn+1 to the point x = (x1, . . . , xn+2, 0) ∈ Sn+2. With
these conventions, the map
(t, x) 7→ (cos t)x + (sin t)N
defines an isometry between
(−π2 , π2 )×cos t Sn+1 and Sn+2 \ {±N}.
Once again, let ϕ : Mn → Sn+1 be a closed, minimal, non totally geodesic
hypersurface of Sn+1. The ǫ−truncated cone CǫM can be seen as the image of the
isometric immersion
(27)
Φ : [−ǫ, 0]×Mn −→ Sn+2
(t, x) 7−→ (cos t)x+ (sin t)N.
In order to get an upper estimate for λ1, recall from (20) and (21) that
(28) λ1 ≤
∫
M
−g(∆g + ‖A‖2g)dM∫
M g
2dM
,
for any g ∈ C∞(M) \ {0}. Following [10], let τ > 0 and gτ = (‖A‖2 + τ)1/2.
Simons’ formula for ∆(‖A‖2) (cf. [3] or [10] – recall that F is also of constant
sectional curvature) easily gives
gτ∆gτ ≥ n‖A‖2 − ‖A‖4.
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Hence, by taking gτ in place of g in (28), we arrive at
λ1 ≤ −
∫
M
(n+ τ)‖A‖2dM∫
M (‖A‖2 + τ)dM
,
By letting τ → 0, and taking into account that ∫M ‖A‖2dM > 0 (since M is not
totally geodesic), we get λ1 ≤ −n.
In what concerns δ1, equation (26) gives
L2(h) = −(cos2 t)h′′ + n(sin t cos t)h′ − (n+ 1)(cos2 t)h,
so that (arguing as in the discussion that precedes the statement of Theorem 3.3)
L2(h) = δh is equivalent to
(29) ((cosn t)h′)′ + (n+ 1)(cosn t)h+ δ(cosn−2 t)h = 0.
It now follows from (22) and (23) that
δ1 ≤
∫ 0
−ǫ
(cosn t)((h′)2 − (n+ 1)h2)dt∫ 0
−ǫ
(cosn−2 t)h2dt
,
for every h ∈ C∞0 [−ǫ, 0] \ {0}.
By taking
h(t) =
sin(πǫ t)√
cosn−2 t
(which satisfies the boundary conditions), direct computations show that h(t)2 cosn−2 t =
sin2
(
π
ǫ t
)
,
(cosn t)h′(t)2 =
π2
ǫ2
cos2
(π
ǫ
t
)
cos2 t+
(n− 2)2
4
sin2
(π
ǫ
t
)
sin2 t
+
n− 2
4
sin
(
2π
ǫ
t
)
sin(2t),
and
(n+ 1)(cosn t)h(t)2 = (n+ 1)(cos2 t) sin2
(π
ǫ
t
)
.
Therefore,
δ1 ≤ I1 − I2
I3
,
where
I1 =
π2
ǫ2
∫ 0
−ǫ
cos2
(π
ǫ
t
)
cos2 tdt+
(n− 2)2
4
∫ 0
−ǫ
sin2
(π
ǫ
t
)
sin2 tdt
+
n− 2
4
∫ 0
−ǫ
sin
(
2π
ǫ
t
)
sin(2t)dt,
I2 = (n+ 1)
∫ 0
−ǫ
(cos2 t) sin2
(π
ǫ
t
)
dt and I3 =
∫ 0
−ǫ
sin2
(π
ǫ
t
)
dt.
Finally, we observe that limǫ→π
2
I1 =
π
2
(
1 +
(
n−2
4
)2)
, limǫ→π
2
I2 = (n+1)
π
8 and
limǫ→π
2
I3 =
π
4 , so that, for ǫ > 0 sufficiently close to
π
2 , we have
λ1 + δ1 ≤ n
2
8
− 2n+ 2.
Since this quadratic polynomial is negative for 2 ≤ n ≤ 14, we have proved the
following result.
Theorem 4.2. Let Mn be a closed, oriented minimal hypersurface of Sn+1. If 2 ≤
n ≤ 14 and Mn is not totally geodesic, then CM is a minimal unstable hypersurface
of Sn+2.
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